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ABSTRACT
Light scattering by spherical-shaped particles of sizes comparable to the wavelength is foundational in many areas of science, from chemistry 

to atmospheric science, photonics, and nanotechnology. With the new capabilities offered by machine learning, there is a great interest in end-
to-end differentiable frameworks for scattering calculations. Here, we introduce PyMieDiff, a fully differentiable, graphics processing unit-
compatible implementation of Mie scattering for layered, spherical particles in PyTorch. The library provides native, autograd-compatible 

spherical Bessel and Hankel functions, vectorized evaluation of Mie coefficients, and APIs for computing efficiencies, angular scattering, 

and near-fields. All inputs—geometry, material dispersion, wavelengths, and observation angles and positions—are represented as tensors, 

enabling seamless integration with gradient-based optimization or physics-informed neural networks. The toolkit can also be combined 

with “TorchGDM” for end-to-end differentiable multi-particle scattering simulations. PyMieDiff is available under an open source license at 

https://github.com/UoS-Integrated-Nanophotonics-group/MieDiff.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license 

(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0316814

I. INTRODUCTION

Mie theory provides an analytical solution for light scattering 

by spherical particles, which underpins many nano-optical applica-
tions (e.g., color generation, dielectric metamaterials, nanoantennas, 

radiative cooling). 

1 Multi-layer (core–shell) spheres extend this to 

complex nanoparticle designs. While the forward scattering prob-
lem can be solved by standard Mie formulas, 

2 the inverse design 

of such particles remains challenging: it typically requires many 

repeated forward simulations and costly optimization. Recent work 

has, therefore, turned to machine learning, training neural nets to 

predict scattering spectra and act as differentiable surrogates. 

3–7 An 

alternative approach, which involves integrating the exact Mie solu-
tion directly into gradient-based design workflows, has not been 

fully exploited, as analytic derivatives tend to become very bulky, 

8 

especially for core–shell spheres.
A variety of open-source packages implement Mie the-

ory for spheres. For example, “MiePython” is a pure-Python 

(NumPy/Numba) implementation of Mie theory for homogeneous

spheres. 

9 “PyMieSim” is an open-source Python/C++ toolkit that 

supports scattering from spheres, infinite cylinders, and core–shell 

geometries. 

10 “Scattnlay” is a c++ program focused on the calcu-
lation of nearfields inside and around multi-layer spherical par-
ticles. 

11 “pyMieCS” is a vectorized NumPy library specialized for 

core–shell nanoparticles. 

12 These tools offer validated, high-speed 

forward solvers, but none provide native differentiation capabilities 

or graphics processing unit (GPU) backends.
Automatic differentiation (AD) is the key numerical tech-

nique behind deep learning and allows calculating arbitrary deriva-
tives for any numerical calculation with close to analytical preci-
sion. 

13 The photonics community has seen rapid growth of dif-
ferentiable simulation tools based on AD. It is a generalization 

of the commonly used adjoint method. 

14–16 While the adjoint 

method requires manual, analytical derivation of reciprocal physics 

to obtain gradients, AD programmatically tracks every operation 

within a generalized computational graph to enable backward cal-
culation of arbitrary derivatives. AD provides high-level flexibility 

at the cost of a significant code complexity and memory overhead,

APL Photon. 11, 046114 (2026); doi: 10.1063/5.0316814 11, 046114-1
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required to store the computational graph. Recent efforts have pro-
duced open-source Maxwell solvers with automatic differentiation 

(e.g., FEM, Fourier modal, FDTD, or volume integral approaches), 

which enable gradient-based inverse design and AD-driven topology 

optimization. 

17–24 These tools have been implemented using a range 

of scripting languages and libraries. The majority of recent tools are 

written in Python, where, currently, the most commonly used autod-
iff libraries are PyTorch and JAX. For Mie theory computations, 

however, no autodiff capable tool exists so far.
Recent works have highlighted the power of integrating 

physics-based models with deep learning. An important example 

are deep learning based nanoparticle design approaches, which, 

so far, often rely on data-based tandem networks or surrogate 

models. 

5,6,25,26 These solutions often suffer from a lack of surrogate 

model fidelity, 

27 as their interpolation is limited to the dataset they 

are trained on. These large datasets only cover a limited parameter 

space, and new problems require new datasets. Replacing such sur-
rogate models by AD capable analytical solvers would suppress this 

typical point of failure.
We present the PyTorch-based toolkit “PyMieDiff,” which 

implements analytical Mie theory for core–shell spherical particles 

with full support for automatic differentiation. Our library imple-
ments the standard Mie recurrence (spherical Bessel/Hankel for-
ward and backward recurrences, angular functions, vector spherical 

harmonics 

28 ) entirely in PyTorch. All quantities—particle geom-
etry (layer thicknesses, materials), wavelengths, and scattering 

angles—can be treated as differentiable tensors. As a result, any Mie-
derived observable can be backpropagated to compute gradients 

with respect to any input parameter. The code is fully vectorized over 

Mie orders, wavelengths, angles, and positions. It supports batched 

evaluation of many particles in parallel to maximize computational 

efficiency. Thanks to the native PyTorch implementation, it also 

runs on GPU.
Our simple API exposes a Particle class for defining 

core–shell spheres with possibly dispersive materials (using the 

refractiveindex.info format 

29 ). It implements methods to compute 

extinction, absorption, and scattering efficiencies, far-fields and S-
matrix elements, as well as near-fields, all with autograd support, as 

illustrated in Fig. 1.
Key features of our toolkit include

● Mie coefficients, efficiencies, and cross sections; angular 

scattering; and near-fields for core–shell particles
● Compatibility with TorchGDM for multi-particle scattering 

simulations with autodiff support. 

23

● End-to-end auto-differentiability: the entire Mie computa-
tion is implemented in PyTorch, allowing gradient-based 

optimization of particle parameters (sizes, layer thicknesses, 

refractive indices, etc.) through backpropagation.
● GPU-accelerated vectorization: batches of particles, wave-

lengths, and angles are processed in parallel, potentially 

yielding orders-of-magnitude speedups when workloads are 

large (especially relative to serial codes).
● Flexible materials interface: PyMieDiff supports using 

refractive index data for real materials (from refractivein-
dex.info jaml files). Dispersion data are interpolated through 

a PyTorch-based interpolation routine, so material disper-
sion enters the gradient graph transparently.

FIG. 1. Overview of PyMieDiff’s features. The core of the code is a differen-
tiable Mie solver, which is used to compute various differentiable observables 

(efficiencies, angular scattering, near-fields). All calculations are fully implemented 

in PyTorch, and they all support automatic differentiation and run on GPU. The 

shown results are from a gold–silicon–titania three-layer particle with core radius 

r 1 

= 50 nm, inner layer radius r 2 

= 150 nm, and outer shell radius r 2 

= 210 nm, 

placed in vacuum and illuminated by a linearly polarized plane wave. The shown 

spectrum goes from 500 to 1400 nm. The angular scattering is calculated at 

770 nm and the near-fields at 525 nm. The material dispersion is interpolated from 

“refractiveindex.info.”

● User-friendly API: a high-level object oriented API 

(Particle class), as well as a simple to use functional API, 

makes it easy to plug the Mie solver into other pipelines, 

including physics-informed neural networks or design 

loops.

By embedding analytic Mie theory in an autodiff framework, 

our toolkit enables new design approaches in nano-optics. For 

example, we demonstrate using the analytic forward model in the 

gradient-based inverse design of core–shell particles (including a 

“tandem” neural network architecture whose forward layer is our 

Mie solver). Because the Mie calculations are exact, this avoids the 

need for approximate surrogate training. 

6 It also opens the door to 

differentiable sensitivity analyses and rapid parameter retrieval from 

data.
Potential applications of our autodiff Mie solver include (but 

are not limited to):

● Inverse design and optimization: using gradients to fit 

particle geometries or material choices to a target scat-
tering spectrum or objective (extinction, backscatter, field 

enhancement, etc.), even in high-dimensional parameter 

spaces.
● Machine learning integration: embedding the Mie forward 

model as a layer in neural networks (e.g., tandem or physics-
informed networks) so that analytic gradients flow through 

the scattering physics for training. 

30
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● Fast batch simulation: efficient GPU-based evaluation of 

large ensembles of spheres over broad frequency bands for 

applications, such as cloud radiative transfer, hyperspectral 

imaging design, or Monte Carlo light propagation.
● Adjoint sensitivity analysis: computing how scattering 

observables change with small perturbations in geometry 

or material (for uncertainty quantification or experimental 

fitting) and leveraging the computed autograd derivatives.

In summary, our PyTorch Mie toolkit provides a fully autod-
ifferentiable, vectorized and GPU-accelerated implementation of 

core–shell Mie theory. This bridges analytic nanophotonics and 

modern ML tools, enabling gradient-based design methods that 

were previously difficult or impossible with black-box Mie solvers. 

While we demonstrate the toolkit on optical-frequency examples, 

the implementation is completely general and can be applied at any 

wavelength (from microwaves to x rays) where Mie scattering is 

relevant.

II. IMPLEMENTATION
Mie theory describes the interaction of light with a spherical 

particle through field expansion with spherical waves, using the coef-
ficients a n 

, b n 
, c n 

, and d n 
, where a n 

and b n 
are the coefficients for the 

outgoing (scattered) fields, while c n 
and d n 

are the expansion coeffi-
cients for the incoming fields (required in the expansion of internal 

fields).
In the case of a layered particle, the Mie coefficients are func-

tions of the scale factors x l 

= kr l 

(with wavevector k = k 0 
n env 

; k 0 
= 

2π/λ 0 
; and radius r l 

of the lth spherical layer) and the relative, com-
plex refractive indices m l 

= n l 

/n env 
for layer l. The explicit form of 

the Mie scattering coefficients is given in Appendix F. The evalu-
ation of the Mie coefficients requires Riccati–Bessel functions and 

their derivatives,

ψ n 
(z) = zj n 

(z), ξ n(z) = zh 

(1)
n (z), χ n 

(z) = −zy n 
(z), (1)

where j n 

and y n 

are spherical Bessel functions of the first and sec-
ond kinds, respectively, and h 

(1)
n = j n 

+ i y n 
are spherical Hankel

functions of the first kind.
Implementing Mie series directly based on these spherical 

Bessel functions can become numerically unstable for large size 

parameters or absorbing materials. 

31 Therefore, modern implemen-
tations reformulate the Mie expansion using logarithmic derivatives 

of the form

D(1)n (z) =
ψ′n(z)
ψn(z)

. (2)

These can be numerically calculated through similar recurrences as 

for the normal spherical Bessel functions. An important detail is that 

upward recurrences are stable for the logarithmic derivatives of ξ n 

, 

while downward recurrences are needed to calculate the logarithmic 

derivatives for ψ n 

. 

32 All mathematical and algorithmic details can be 

found in Appendix F. Our implementation closely follows the work 

of Peña and Pal. 

33

In PyTorch (as of version 2.10), neither spherical Bessel func-
tions nor their logarithmic derivatives are implemented. The key 

contribution of our work is, therefore, to provide PyTorch-based,

AD-capable, vectorized, fast, and stable spherical Bessel routines. 

We implement following AD enabled functions: (1) A PyTorch 

wrapper to the SciPy versions of standard spherical Bessel func-
tions and their derivatives. (2) A native PyTorch implementation 

of spherical Bessel functions and their derivatives based on up- and 

down-recurrences. (3) A native PyTorch implementation of log-
arithmic derivatives and all further ingredients to implement the 

stable Mie algorithm, suggested by Yang and further improved by 

Peña and Pal. 

32,33 The spherical Bessel and Hankel functions were 

mainly implemented for testing. However, since they may be use-
ful for various other applications that require torch-versions of these 

functions with native GPU support, all special functions are available 

through the “pymiediff.special” module.
Based on the logarithmic derivatives, PyMieDiff implements a 

native PyTorch Mie theory stack comprising Mie coefficients, angu-
lar functions, and vector spherical harmonics. This is then used to 

implement functions that evaluate cross sections, angular radiation, 

and near-fields.
As “PyMieDiff” is entirely implemented in PyTorch, automatic 

differentiation is fully supported through all calculations.

III. BENCHMARK
In Fig. 2, we assess the computational performance of PyMieD-

iff and compare it against existing Mie scattering toolkits. Owing 

to its fully vectorized implementation utilizing PyTorch tensors, 

PyMieDiff exhibits efficient scaling for any independent parameters, 

such as number of wavelengths per spectrum [Fig. 2(a)], scattering 

angles, evaluation positions, and the number of particles [Fig. 2(b)]. 

The evaluation of multiple spherical layers of a particle cannot be 

trivially parallelized (see Appendix F). Thus, the number of particle 

shell’s increases the compute time roughly linearly [Fig. 2(d)]. We 

observe that the evaluation time is dictated by memory transfer until 

around the order of 10 

3 parallel evaluations. Running PyMieDiff on 

GPU shows that the performance is memory-bound until at least 

10 

5 concurrent Mie evaluations. GPU becomes advantageous only 

for large batch sizes above ≈10 

3 [see Figs. 2(a) and 2(b)]. However, 

even for lower batch sizes, GPU support can still benefit integration 

into deep learning schemes, as memory transfer during model evalu-
ation is reduced and the neural network parts of the calculation may 

strongly benefit from GPU evaluation also on smaller batch sizes. 

On multi-core central processing units (CPUs), PyMieDiff 

demonstrates good parallel efficiency, slowing down for eight or 

more cores [Fig. 2(d)]. We attribute this reduction in scaling effi-
ciency to memory transfer overhead in PyTorch’s shared-memory 

parallelization, not optimized for embarrassingly parallel tasks. We 

note that these parallelization capabilities are automatically used 

since they are inherent to PyTorch. This scaling behavior is particu-
larly beneficial for large parameter sweeps, many-particle optimiza-
tion tasks, or machine learning integration with batched training 

schemes. In a direct comparison with other publicly available toolk-
its [Fig. 2(d)], PyMieDiff is on par with the fastest implementation 

(Scattnlay) and achieves markedly lower evaluation times per wave-
length as soon as batched GPU evaluation is possible. At best, our 

toolkit provides more than one order-of-magnitude improvement 

over the fastest of the other evaluated tools. Note that while the T-
Matrix package “treams” 

34 is included for completeness, it is not

APL Photon. 11, 046114 (2026); doi: 10.1063/5.0316814 11, 046114-3
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FIG. 2. Benchmarks. If not otherwise noted, benchmarks were run for a sin-
gle dielectric core–shell particle at 256 wavelengths. (a) Timing for increasing 

numbers of simultaneously evaluated wavelengths. (b) Timing for increasing num-
bers of simultaneously evaluated particles (single wavelength). (c) Parallelization 

speedup on multi-core CPUs. (d) Timing for increasing no. of shell layers. (e) Tim-
ing comparison with other Mie toolkits (on CPU). The cases “batched” and “GPU” 

simultaneously evaluate 256 different particles, at 256 wavelengths each. Our CPU 

is a Zen 3 AMD processor. Our GPU is an NVIDIA RTX 4090. Note that “treams” 

is not performance-optimized for Mie evaluation since it is not a dedicated Mie 

toolkit (but T-matrix); in consequence, the time-bar for the treams result is not fully 

shown.

parallelized and not specifically optimized for single particle Mie 

calculations.
Overall, these benchmarks establish PyMieDiff as a performant 

and scalable solution for Mie scattering computations, combining 

differentiability, GPU compatibility, and multi-core efficiency in a 

single framework.

IV. EXAMPLES
A. Forward evaluation

As a first example, we demonstrate the forward solver by sim-
ulating the extinction, scattering, and absorption efficiencies, as well 

as angular scattering patterns of a gold-silicon core–shell particle. 

The efficiency spectra are shown in Fig. 3(a), and scattering patterns 

of perpendicular and parallel polarized light are given in Fig. 3(b). 

Electric and magnetic near field intensities and real parts of all field 

components are shown in Fig. 3(c).

FIG. 3. Mie forward evaluation by the example of scattering from a gold-silicon 

core–shell particle with core radius r c 
= 20 nm and shell radius r s 

= 100 nm, 

placed in vacuum and illuminated by a linearly polarized plane wave. Tabulated 

material permittivities are taken from literature. 

35,36 (a) Extinction (blue), scatter-
ing (orange), and absorption (green) efficiency spectra. (b) Scattering radiation 

patterns in the scattering plane at selected wavelengths for perpendicularly (blue 

lines) and parallel (orange dashed lines) polarized light. (c) Near-fields (electric 

and magnetic in top and bottom row) inside and around the particle, evaluated at 

the resonance at λ 0 

= 575 nm. The shown maps are 400 × 400 nm 

2 . Color bars 

indicate field intensity (leftmost panels) and amplitude (second from left to right 

panels), relative to the incident field absolute amplitude.

The code to configure the particle and calculate the spectra, 

angular scattering patterns, and near-fields is given in Listing 1, 

where tabulated materials are handled by the MatDatabase class 

and the Particle class acts as an easy-to-use high-level interface 

to PyMieDiff.
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LISTING 1. Particle class usage example for forward Mie calculations.

1 import torch
2 import pymiediff as pmd
3
4 # –- setup
5 r_core = 20.0 # nm
6 r_shell = 100.0 # nm
7 mat_core = pmd.materials.MatDatabase("Au")
8 mat_shell = pmd.materials.MatDatabase("Si")
9 n_env = 1.0

10
11 p = pmd.Particle(
12 r_layers=[r_core, r_shell],
13 mat_layers=[mat_core, mat_shell],
14 )
15
16 # –- evaluation
17 wl0 = torch.linspace(500, 1000, 50) # nm
18 k0 = 2 

∗ torch.pi / wl0
19
20 # efficiency spectra
21 cs = p.get_cross_sections(k0)
22
23 # angular scattering (angles in radian)
24 theta = torch.linspace(0.0, 2 

∗ torch.pi, 100)
25 angular = p.get_angular_scattering(k0, theta)
26
27 # nearfields (positions in nm)
28 x, z = torch.meshgrid(
29 torch.linspace(-250, 250, 50),
30 torch.linspace(-250, 250, 50),
31 )
32 y = torch.ones_like(x)
33 r_probe = torch.stack([x, y, z], dim=-1)
34
35 fields = p.get_nearfields(k0=k0, r_probe=r_probe.view(-1, 3))

We compared the results to several other, openly available 

Mie solvers and obtained results identical to machine precision. 

This comparison can be found in the examples of the online 

documentation.

B. Gradient based optimization
Design problems in nanophotonics are often non-trivial inverse 

problems that require numerical optimization. Here, we will try 

to find a core–shell particle with a response as close as possi-
ble to a hand-drawn spectrum. Since no particle likely has exactly 

these properties, the problem is ill-posed. Furthermore, many high-
dimensional problems are naturally ill-posed, in these cases rather 

because several possible solutions exist. 

26 Global optimization is use-
ful in cases with many local minima or for non-continuous/discrete 

problems. Using local gradient based optimization on a large num-
ber of initial guesses provides a straightforward alternative with very 

fast convergence. 

37

The automatic differentiation capability of PyMieDiff is, there-
fore, the key contribution of this work. It is fully based on 

PyTorch’s AD and, therefore, can be used with any tensor in all Mie

calculations, as shown in Listing 2. In the following example, we 

demonstrate how to use autodiff for the optimization of a core–shell 

particle to implement as closely as possible a predefined Gaussian 

scattering response.
We start by defining a loss function, using the mean square 

error (MSE) of the current iteration’s particle responses vs the target 

response,

L = 1
n

n

∑
i=1
(Rtarget,i − Ri)2.

LISTING 2. Automatic differentiation usage example.

1 # - gradient of scattering wrt wavelength
2 wl = torch.as_tensor(500.0) # nm
3 wl.requires_grad = True
4 cs = p.get_cross_sections(k0=2 

∗ torch.pi / wl) 

5
6 cs["q_sca"].backward()
7 dQdWl = wl.grad

APL Photon. 11, 046114 (2026); doi: 10.1063/5.0316814 11, 046114-5
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FIG. 4. Example of gradient-based particle optimization. (a) Sketch of the particle 

optimization procedure. A large number of random core–shell particles is randomly 

initialized and evaluated using PyMieDiff. Their optical properties (orange lines, 

here: scattering efficiency spectra) at 21 points between 400 and 800 nm are 

compared with the design target (dotted black lines, here: a Gaussian response). 

The derivatives of the loss function (here MSE) with respect to the geometry 

parameters are obtained via PyTorch autograd and used to iteratively update 

the geometries. (b) Sketches of the best particles of selected iteration during an 

optimization (top row) together with their spectral response (bottom row). Rela-
tive sizes are on the same scale, and the shades of the colors indicate the real 

part of the refractive index (darker means higher). (c) Loss function during the 

optimization.

Here, R i 
serve as general placeholders for observables calculated by 

Mie theory and n is the total number of calculations (e.g., multiple 

wavelengths, angles, particles). The optimization targets are given 

by R target,i 
. Via automatic differentiation, we calculate the partial 

derivatives of L with respect to the geometric parameters ∂L/∂G 

and update the particles to minimize L. To avoid getting stuck in 

local minima, we can perform this optimization on a large number of 

initial guesses. This optimization procedure is depicted in Fig. 4(a). 

In this example, we optimize the scattering efficiency Q sca 

of a 

dielectric core–shell particle over 400–800 nm to match the Gaus-
sian centered at 600 nm. Its core and shell size as well as the material 

refractive indices are varied. We limit the radii to 10–100 nm and 

the complex refractive indices to dielectric materials with n real 

rang-
ing from 1 to 4.5 and n imag 

from 0.0 to 0.1. To keep the optimization 

within these restrictions, we optimize normalized values using a 

sigmoid activation inside the optimization loop.
In this example, the popular Adam optimizer is used. 

38 While 

Adam is ideal for mini-batch based optimization as typically used for 

neural network training, it performs well also on our optimization

LISTING 3. Example how to use autodiff for a simple optimization.

1 import torch
2 import pymiediff as pmd
3
4 # setup
5 wl0 = torch.tensor([700.0]) # nm
6 k0 = 2 

∗ torch.pi / wl0
7 mat_particle = pmd.materials.MatDatabase("Si")
8 n_env = 1.0
9

10 # optimization
11 r_init = 60.0 # initial guess
12 r_opt = torch.tensor([r_init], requires_grad=True)
13 optimizer = torch.optim.Adam(params=[r_opt], lr=0.5)
14
15 # gradient loop
16 for i in range(100):
17 optimizer.zero_grad()
18 particle = pmd.Particle(
19 mat_env=n_env,
20 r_layers=r_opt,
21 mat_layers=[mat_particle],
22 )
23 q_sca = particle.get_cross_sections(k0)["q_sca"]
24
25 loss = -q_sca # ∗ maximize 

∗ scattering: minus sign
26 loss.backward() # calc. gradients via autodiff
27 optimizer.step() # apply gradients on params
28
29 print("radius for strongest scattering:",r_opt.item())

task. We demonstrate in the online documentation how to use the 

L-BFGS optimizer as an alternative. 

39

We perform a batch optimization on 100 random core–shell 

particles in parallel, which takes roughly 100–200 ms per iteration 

on a typical office CPU. The spectra from the iteratively improved 

solutions are shown in Fig. 4(b) alongside the target spectra. The 

convergence curve is shown in Fig. 4(c). We also found that higher 

learning rates are usually stable, allowing convergence within some 

20–30 iterations. However, as optimization is fast, low and very 

stable learning rates can be used without major inconvenience. 

Listing 3 gives a simple code example, demonstrating how a 

gradient based optimization can be implemented with PyMieDiff.

C. Core–shell design: Mie informed tandem model
Our toolkit being entirely implemented in PyTorch, it can be 

directly implemented within any existing PyTorch machine learning 

pipeline. Here, we demonstrate how to train a deep learning neural 

network through a Mie-theory based loss function.
As a simple technical example, we train a design network capa-

ble of predicting core–shell geometries that fulfill given target optical 

properties. This so called “tandem” model is a commonly used deep 

learning method for inverse design. 

25,26 It works by regularizing 

the training of the ill-posed inverse problem through a forward 

predictor, as depicted in Fig. 5(a). Typically, the forward model 

is a trained neural network that approximates a physics solver,

APL Photon. 11, 046114 (2026); doi: 10.1063/5.0316814 11, 046114-6
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FIG. 5. “Mie-informed” tandem network. (a) Sketch of the training configuration. The design observable (e.g., scattering efficiency, or any other Mie-calculated value) is fed 

into the “inverse network” (here, a simple MLP). The NN result is interpreted as core–shell geometry parameters and fed into PyMieDiff, which calculates the response of 

the particle analytically. The result of the Mie calculation is compared to the original input data using some loss function (here MSE). The inverse network is trained using 

backpropagation of the loss through the differentiable Mie solver and then the network itself. The inset shows the training loss for an inverse network trained on scattering 

efficiency spectra of dielectric particles. (b) Examples of inverse design responses (orange lines) vs randomly sampled design targets (dashed black lines) from the training 

dataset. The spectral matching is done at 40 points over the wavelength range between 400 and 800 nm.

adding automatic differentiation capabilities. With PyMieDiff as a 

fast, autograd-compatible Mie solver, analytical Mie theory can be 

used as an error-free forward model through which the loss can be 

backpropagated to train the inverse network.
We train the Mie-informed tandem network on the same type 

of particles as in the optimization example, limiting the materials 

to constant dielectrics and training the model on spectra in the vis-
ible light range (400–800 nm). A dataset of 20 000 spectra, each 

consisting of 41 wavelength points, calculated from randomized par-
ticles, is used for training the model. The inverse model consists of a 

fully connected neural network (multi-layer perceptron, MLP) with 

three hidden layers, each containing 1024 neurons, connected by 

ReLU activation functions. A sigmoid function is used at the out-
put layer to ensure positive predictions within our defined particle 

limits. Using a basic manually optimized training schedule, with two 

learning rates (first 10 

−4 , then 10 

−5 ) and incremental increase in the 

batch size (from 32 up to 256 in four steps), we obtain fast conver-
gence after a few thousand training steps [see inset in Fig. 5(a)]. The 

training takes a few minutes on an eight-core office CPU.
Once the inverse model is trained, we use scattering spectra 

from particles that were not in the training set as test targets and 

predict the geometry parameters by the inverse network. A few 

examples are shown in Fig. 5(b), demonstrating the model’s perfor-
mance. By comparing predicted core–shell particles to the reference 

particles used as design target, the results of the tandem network 

could now, for example, be used to assess “how ill posed” the stud-
ied problem of core–shell design is. The more non-unique solutions

exist, the larger the discrepancy between target particles and pre-
dicted designs. Note that, as the forward model is “perfect” (exact 

Mie solution), the discrepancy of the solutions with respect to the 

target spectra comes solely from the inverse network, for which we 

deliberately use a very simple dense network, chosen to have a short 

training time of only a few minutes.

D. Autodiff multi-scattering: End-to-end metasurface 

design
As a final example, we demonstrate how PyMieDiff can be 

combined with the autodiff light scattering simulation toolkit 

“TorchGDM,” 

23 to perform multi-particle scattering simulations. 

This combination enables similar functionality as offered by the 

T-matrix method, implemented, for instance, in frameworks such 

as CELES, 

40 SMARTIES, 

41 or treams. 

34 However, our approach 

enables full automatic differentiation through multi-scattering 

simulations.
PyMieDiff evaluates the Mie response of one or several spher-

ical particles, which are then used by TorchGDM to generate a 

structure model and calculate the optical response of an ensemble 

of many scatterers, where all optical interactions between the parti-
cles are taken into account. Since both tools fully support PyTorch 

automatic differentiation, gradient optimization can be used to iter-
atively optimize the positions and core/shell size parameters for any 

target observable. This is illustrated in Fig. 6(a).
We demonstrate this capability on a simple toy problem, not 

meant to be relevant for an actual application. We calculate the
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FIG. 6. Combining PyMieDiff with torchGDM 

23 for end-to-end multi-scattering autograd calculations. (a) Sketch of the gradient calculation scheme. PyMieDiff is used to 

calculate differentiable Mie coefficients, which are, in turn, used to create TorchGDM structure models for multi-particle scattering simulations. Gradients can then be 

obtained with respect to all input parameters, including particle geometry and material properties (represented by G ) and particle positions (r i 
). (b) Optimization of a 

diffractive lens, composed of identical particles. Positions as well as the size parameters of the particle are optimized. Top: field intensity enhancement in side view, bottom: 

top view of the geometry. (c) Same as (b), but now each particle’s core and shell sizes are optimized individually. Core sizes are indicated by the circle size, shell size by 

the color code. Wavelength is λ 0 

= 700 nm. All scale bars are 2 μm.

field intensity enhancement at a target focal position, to optimize 

a diffractive lens made of silicon–gold core–shell particles and opti-
mize for the core and shell radii and the particle positions on the XY 

plane. Starting from the same initial conditions (10 × 10 identical 

90 nm/15 nm silicon/gold core/shell spheres on a regular grid), we 

compare two scenarios: (1) Optimization of the positions of many 

identical particles, illustrated in Fig. 6(b), and (2) optimization of 

particle positions and each particle’s core and shell size, illustrated 

in Fig. 6(c). As expected, we obtain a higher focal intensity if more 

degrees of freedom are available (individual particle sizes).
The multi-scattering capability may be useful, for instance, in 

the design of bottom-up metasurfaces or for fitting optical scattering 

data from dense, spherical solutions, where homogenization models 

fail.

V. LIMITATIONS AND PERSPECTIVES
Here, we list current limitations of PyMieDiff and possible 

future extensions:

● PyMieDiff is currently limited to isotropic materials and 

spherical (3D) particles. In the future, we may implement 

support for tensorial permittivities as well as 2D Mie theory 

for multi-shell infinite cylinders.
● Vector spherical harmonics are currently implemented only 

for order l = 1, which limits the field calculations to parti-
cles with spherical symmetry. We plan to add pure PyTorch 

implementations of general vector spherical harmonics that 

could be used for field calculations of general T-matrices. A 

possible route could be to expand on NVIDIA’s recent work 

about spherical Fourier neural operators. 

42

● While the logarithmic derivatives algorithm is very stable, 

there is one limitation in combination with vectorization: In 

a single batch of many concurrent evaluations, the Mie order

required for the largest size parameter case is used for all cal-
culations in that batch. This can, in fact, become unstable 

for small particles, causing small size parameter cases in the 

batch to overflow and yield NaN results (“Not a Number”) 

for these cases. While this is not ideal, it is failing with a non-
numerical result and will directly be noted by the user. A 

simple split of the batch into a smaller and a larger fraction 

suffices to make it work.

VI. CONCLUSIONS
In this work, we present PyMieDiff, an implementation 

of Mie scattering for layered spherical particles, fully built in 

the automatic differentiation framework PyTorch. It is available 

as open source software at https://github.com/UoS-Integrated-
Nanophotonics-group/MieDiff. The package enables gradient-based 

optimization and hybrid physics-informed deep learning mod-
els. It can be combined with other PyTorch-based toolkits, such 

as torchGDM, to perform end-to-end differentiable multi-particle 

scattering simulations. The toolkit was designed with flexibility and 

performance in mind, offering a native PyTorch implementation of 

the entire Mie algorithm, with full GPU support.
We demonstrate the capabilities by several examples of inverse 

design problems, including the iterative reconstruction of core–shell 

particle geometries from a target scattering spectrum, neural net-
work training through analytical Mie calculations, and the gradient-
based design of a diffractive lens made of several core–shell spheres, 

for which PyMieDiff is combined with the multi-particle scattering 

toolkit “TorchGDM.”
At the time of the submission, we became aware of a 

manuscript developing similar ideas. 

43 This underpins the time-
liness and importance of the differentiable formulation of algo-
rithms that solve multiple-scattering problems, a key requirement 

for inverse design of photonic nanostructures.
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APPENDIX A: STABILITY ON VERY LARGE SPHERES

To assess the stability of PyMieDiff on very large problems, we 

reproduce the test performed by Peña and Pal, 

33 who simulate a soot 

shell around a large water sphere for increasing size parameters. The 

result is shown in Fig. 7(a).
In Fig. 7(b), we show angular scattering for a four-layer particle 

of 30 μm total diameter, consisting mainly of dielectric material but 

containing also absorbing shells. The size parameter of this problem 

is 310.

FIG. 7. Demonstration of stability on large spheres compared to Scattnlay. 

33 

(a) Scattering of a soot-coated water sphere in vacuum for increasing size 

parameter. Used refractive indices are n water 

= 1.33 and n soot 

= 1.59 + 0.66i. 

The soot volume fraction is 0.01. (b) Angular scattering from a layered sphere 

with layer radii [135, 2365, 2395, 15 000] nm and layer refractive indices [2.1 + 

0.15i, 1.75, 0.45 + 5.06i, 3.62] at λ 0 

= 1100 nm.

APPENDIX B: EXAMPLE CODE

All examples shown in this work, further examples, as 

well as the full technical documentation of the package, 

are available online at https://uos-integrated-nanophotonics-
group.github.io/MieDiff/index.html.

APPENDIX C: VECTORIZATION CONVENTIONS

PyMieDiff routines are implemented along the following 

conventions:
Mie orders: The (Mie) order n is passed as an integer specifying 

the maximum order. Then, all PyMieDiff routines (special functions 

and Mie coefficient routines) calculate all orders up to the maxi-
mum order. An additional, order dimension is added as the first 

dimension to the shape of the passed argument(s).
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Vectorization dimensions: Internal vectorization conventions 

are the following:

● First dim.: Order/Mie order n (an additional, first dimension 

is added upon function calls)
● Second dim.: Layer number l: l = 1, . . . , L
● Third dim.: Number of particles N particles
● Fourth dim.: Number of wavenumbers k 0 

: N k0
● Fifth dim.: Number of angles or number of positions 

(angular scattering/fields)

Further dimensions (e.g., for field components) can be 

added after these four main dimensions and will be broadcast 

automatically.

APPENDIX D: RICCATI–BESSEL RECURRENCES

To ensure numerical stability, we implement the logarithmic
derivatives of the Riccati–Bessel functions, D 

(1) 

n (z) and D 

(3) 

n (z),
rather than their standard derivative, ψ 

′

n(z) and ξ 

′

n(z). 

32 The log-
arithmic derivative of the first kind, D 

(1) 

n (z) = ψ 

′

n(z)/ψ n 
(z), is

evaluated using the downward recurrence, 

31

D(1)n−1(z) =
n
z
− 1

D(1)n + n
z

, n = Nmax, . . . , 1, (D1)

with the initial condition,

D 

(1)
N max
(z) = 0 + i0. (D2)

Conversely, the logarithmic derivative of the third kind, D 

(3) 

n (z) =
ξ 

′

n(z)/ξ n 
(z), stability across all values of z is achieved by utilizing an

upward recurrence relation, 

44

D(3)n (z) = D(1)n (z) +
i

ψn(z)ξ(x)
, n = 1, . . . , Nmax. (D3)

This requires an auxiliary upward recurrence to compute the 

product ψ n 

(z)ξ n 

(z),

ψn(z)ξn(z) = ψn−1(z)ξn−1(z)[
n
z
−D(1)n−1(z)][

n
z
−D(3)n−1(z)], (D4)

which is initialized as follows:

D 

(3) 

0 (z) = i, (D5)

ψ0(z)ξ0(z) =
1
2
[1 − (cos 2a + i sin 2a) exp (−2b)]. (D6)

The plain Riccati–Bessel functions are found using the recurrence 

relations, 

31,44

ψn(z) = ψn−1(z)[
n
z
−D(1)n−1(z)], n = 1, . . . , Nmax, (D7)

ξn(xL) = ξn−1(z)[
n
z
−D(3)n−1(z)], n = 1, . . . , Nmax, (D8)

starting from

ψ 0 
(z) = sin (z), ξ 0 

(z) = sin (z) − i cos (z), (D9)

respectively. The ideal N max 
and N stop 

are found programmatically 

based of the work of Wiscombe. 

31

APPENDIX E: VECTOR SPHERICAL HARMONICS

The vector spherical harmonics N 

(k)
lm and M 

(k)
lm can be used to

describe the near fields of Mie scattering. 

45 For spherical symmetry, 

only the l = 1 odd and even order harmonics are required, which can 

be written using the Riccati–Bessel functions and their logarithmic 

derivatives, 

11

N( j)
o1n =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

sin ϕ n(n + 1) sin θ πn(cos θ) zn(ρ)
ρ2

sin ϕ τn(cos θ)D( j)
n (ρ)zn(ρ)

ρ

cos ϕ πn(cos θ)D( j)
n (ρ)zn(ρ)

ρ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (E1)

N( j)
e1n =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

cos ϕ n(n + 1) sin θ πn(cos θ) zn(ρ)
ρ2

cos ϕ τn(cos θ)D( j)
n (ρ)zn(ρ)

ρ

− sin ϕ πn(cos θ)D( j)
n (ρ)zn(ρ)

ρ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (E2)

M(k)o1n =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

cos ϕ πn(cos θ) zn(ρ)
ρ

− sin ϕ τn(cos θ) zn(ρ)
ρ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (E3)

M(k)e1n =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

− sin ϕ πn(cos θ) zn(ρ)
ρ

− cos ϕ τn(cos θ) zn(ρ)
ρ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (E4)

Here, m has become the Mie order n, ϕ is the azimuthal, and θ is 

the polar angle. The Riccati–Bessel functions of order n are denoted 

by z n 
. The kind of z n 

is indicated by the superscript 

(k) of N and 

M: 

(1) denotes ψ n 

, while 

(3) denotes ξ n 

, and their corresponding log-
arithmic derivatives, D 

(1) 

n and D 

(3) 

n . These functions are given by
ψ n 

(ρ) = ρj n 

(ρ) and ξ n 
(ρ) = ρh(1) 

n (ρ).

APPENDIX F: MIE COEFFICIENTS

The formulas of the scattering coefficients for a spherical parti-
cle with L layers first developed by Yang 

32 and later modernized by 

Peña and Pal 

33 are given by

an = aL+1
n = [H

a
n(mLxL)/mL + n/xL]ψn(xL) − ψn−1(xL)
[Ha

n(mLxL)/mL + n/xL]ξn(xL) − ξn−1(xL)
, (F1)

bn = bL+1
n =

[mLHb
n(mLxL) + n/xL]ψn(xL) − ψn−1(xL)

[mLHb
n(mLxL) + n/xL]ξn(xL) − ξn−1(xL)

, (F2)
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where m l 

is the relative refractive index and x l 

is the size parameter 

of each layer, l with l = 1, . . . , L. The size parameter for each layer is 

given by x l 

= kr l 

with the wavevector in the host medium k = k 0 
n env 

and the radii of layer r l 

. ψ n−1 

(x L 
) and ξ n−1 

(x L 
) are found using 

the recurrence relation outlined in Section D, while the composite 

functions H 

a
n and H 

b
n are given by

H 

a
n(m 1 

x 1 
) = D 

(1) 

n (m 1 
x 1 
), (F3)

Ha
n(mlxl) =

G2D(1)n (mlxl) −Q(l)n G1D(3)n (mlxl)
G2 −Q(l)n G1

, l = 2, . . . , L,

(F4)

H 

b
n(m 1 

x 1 
) = D 

(1) 

n (m 1 
x 1 
), (F5)

Hb
n(mlxl) =

G̃2D(1)n (mlxl) −Q(l)n G̃1D(3)n (mlxl)
G̃2 −Q(l)n G̃1

, l = 2, . . . , L,

(F6)
where

G 1 
= m lH 

a
n(m l−1 

x l−1 

) −m l−1D 

(1) 

n (m l 

x l−1 

), (F7)

G 2 
= m lH 

a
n(m l−1 

x l−1 

) −m l−1D 

(3) 

n (m l 

x l−1 

), (F8)

G̃ 1 = m l−1H 

b
n(m l−1 

x l−1 

) −m lD 

(1) 

n (m l 

x l−1 

), (F9)

G̃ 2 = m l−1H 

b
n(m l−1 

x l−1 

) −m lD 

(3) 

n (m l 

x l−1 

). (F10)

These are found recursively; details on D 

(1) 

n 

, D 

(3) 

n are outlined in
Appendix D, while the ratio,

Q(l)n =
ψn(mlxl−1)
ξn(mlxl−1)

/ ψn(mlxl)
ξn(mlxl)

, (F11)

can be found via the upward recurrence relation, 

32

Q(l)n = Q(l)n−1(
xl−1

xl
)

2 [z2D(1)n (z2) + n]

[z1D(1)n (z1) + n]

[n − z2D(3)n−1(z2)]

[n − z1D(3)n−1(z1)]
, (F12)

for n = 1, . . . , N max 
, with the initial condition,

Q(l)0 =
exp (−i2a1) − exp (−2b1)
exp (−i2a2) − exp (−2b2)

× exp (−2[b2 − b1]), (F13)

where z 1 
= m l 

x l−1 

= a 1 
+ ib 1 

and z 2 
= m l 

x l 

= a 2 
+ ib 2 

.

APPENDIX G: MIE FAR-FIELD OBSERVABLES

The scattering, absorption, and extinction efficiencies can be 

obtained from the scattering coefficients as

Qext =
1

2πrs

2π
k2

∞

∑
n=1
(2n + 1)Re {an + bn}, (G1)

Qsca =
1

2πrs

2π
k2

∞

∑
n=1
(2n + 1)(∣ an∣2+ ∣ bn∣2), (G2)

Q abs 

= Q ext 
−Q sca 

. (G3)

The cross sections are given by the efficiencies multiplied by the 

geometric cross section of the particle σ geo 
= πr 

2.
The angular dependent scattering, i.e., the scattered irradiance 

per unit incident irradiance for perpendicularly and parallel polar-
ized illumination light (with respect to the scattering plane), as well 

as for unpolarized light, is given by

ipar =∣ S2∣2, iper =∣ S1∣2, iunp =
ipar + iper

2
, (G4)

where

S1(θ) =
nmax

∑
n=1

2n + 1
n(n + 1)(anπn(μ) + bnτn(μ)), (G5)

S2(θ) =
nmax

∑
n=1

2n + 1
n(n + 1)(anτn(μ) + bnπn(μ)), (G6)

where μ = cos θ. The angular functions π n 
(cos θ) and τ n 

(cos θ) 

are defined from the associated Legendre polynomials P 

1
n(cos θ). 

2 

These satisfy the recurrence relations

π 0 
(μ) = 0, (G7)

π 1 
(μ) = 1, (G8)

πn+1(μ) =
2n + 1

n
μ πn(μ) −

n + 1
n

πn−1(μ), (G9)

τ n 
(μ) = nμ π n 

(μ) − (n + 1) π n−1 
(μ). (G10)

APPENDIX H: NEAR-FIELD OBSERVABLES

The near-fields in the lth region of the sphere can be found 

by matching the continuity conditions at each spherical interface, 

which yields the following formulas: 

11

E l 

=
∞

∑ 

n=1
E n 
[c(l)n M 

(1) 

o1n − id 

(l) 

n N 

(1) 

e1n + ia 

(l) 

n N 

(3) 

e1n − b 

(l) 

n M 

(3) 

o1n], (H1)

Hl =
kl

ωμ

∞

∑
n=1

En[d(l)n M(1)e1n + ic(l)n N(1)o1n − ib(l)n N(3)o1n − a(l)n M(3)e1n], (H2)

where a 

(l)
n 

, b 

(l)
n 

, c 

(l) 

n and d 

(l)
n are the expansion coefficients. These

have been found by Ladutenko et al. 

11 to be

a(l)n =
D(1)n (mlxl)T1(ml+1xl) + T3(ml+1xl)ml/ml+1

ξn(mlxl)U(mlxl)
, (H3)

b(l)n =
D(1)n (mlxl)T2(ml+1xl)ml/ml+1 + T4(ml+1xl)

ξn(mlxl)U(mlxl)
, (H4)
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c(l)n =
D(3)n (mlxl)T2(ml+1xl)ml/ml+1 + T4(ml+1xl)

ψn(mlxl)U(m l 

x l 

) , (H5)

d(l)n =
D(3)n (mlxl)T1(ml+1xl) + T3(ml+1xl)ml/ml+1

ψn(mlxl)U(mlxl)
, (H6)

where

U(z) = D 

(1) 

n (z) −D 

(3)
n (z), (H7)

T 1 
(z) = a 

(l+1) 

n ξ n 
(z) − d(l+1)

n ψ n 
(z), (H8)

T 2 
(z) = b 

(l+1) 

n ξ n 
(z) − c(l+1)

n ψ n 
(z), (H9)

T 3 
(z) = d 

(l+1) 

n D 

(1) 

n (z)ψ n 
(z) − a(l+1) 

n D 

(3)
n (z)ξ n 

(z), (H10)

T 4 
(z) = c 

(l+1) 

n D 

(1) 

n (z)ψ n 
(z) − b(l+1) 

n D 

(3)
n (z)ξ n 

(z). (H11)

The total fields in the background medium are given by E tot 
= E i 
+ E s 

and H tot 
= H i 

+H s 
, where

E i 
=
∞

∑ 

n=1
E n 
(M(1)o1n − iN 

(1)
e1n), (H12)

Hi =
kl

ωμ

∞

∑
n=1

En(M(1)e1n + iN(1)o1n), (H13)

E s 
=
∞

∑ 

n=1
E n 
(ia nN 

(3) 

e1n − b nM 

(3) 

o1n), (H14)

Hs =
kl

ωμ

∞

∑
n=1

En(−ibnN(3)o1n − anM(3)e1n). (H15)

Physically, to ensure that the electromagnetic fields remain finite 

at the origin of the sphere, the corresponding expansion coeffi-
cients must vanish, 

2 requiring a 

(1) 

n = b 

(1) 

n = 0. Furthermore, it can
be shown 

11 that an inspection of Eqs. (H1), (H2), and (H12)–(H15)
reveals that c 

L+1
n = d 

L+1 

n = 1.

APPENDIX I: SPHERICAL BESSEL BASED 

IMPLEMENTATION FOR TESTING

During development, we also implemented SciPy wrappers 

and PyTorch-based recurrences for standard spherical Bessel func-
tions [h1

n(z), j n 

(z), and y n 

(z)] to test a core–shell Mie formulation.
Although computing Mie scattering directly with these functions 

leads to numerical instability for large or absorbing particles, pro-
viding that these Bessel functions in PyTorch may be valuable for 

researchers tackling other physical systems.
Spherical Hankel functions can be obtained from spherical 

Bessel functions of first and second kinds,

h 

1
n(z) = j n 

(z) + i y n 
(z). (I1)

The derivatives of spherical Bessel functions can be obtained by 

either of the following recurrences:

f ′n(z) = fn−1(z) −
n + 1

z
fn(z),

f ′n(z) = − fn+1(z) +
n
z

fn(z),
(I2)

where f n(z) is any spherical Bessel function. Note: In practice, to 

avoid negative orders, derivatives for n > 0 are calculated using the 

first relation in Eq. (I2), while the derivative for n = 0 is obtained 

from the second relation,

f ′ 

0(z) = − f 1 
(z). (I3)

To add automatic differentiation capabilities to the SciPy inter-
face, we add custom PyTorch autodiff classes with manually imple-
mented derivatives. To allow autograd for the first order derivatives 

of spherical Bessel functions that occur in the Mie coefficients, we 

need to implement analytic formulas for their second order deriva-
tives. Starting from the recurrence relation Eq. (I2), we substitute 

n = n + 1 into the first equation to get

f ′n+1(z) = fn(z) −
n + 2

z
fn+1(z). (I4)

Taking the derivative of the second equation,

d2

dz2 fn(z) = −
d
dz

fn+1(z) + n
d
dz
( fn(z)

z
), (I5)

f ′′n (z) = − f ′n+1(z) + n( f ′n(z)z − fn(z)
z2 ). (I6)

Rearranging this to

z 

2 f ′′ 

n (z) = −z 

2 f ′ 

n+1(z) + nz f ′ 

n − n f n 
(z) (I7)

and then substituting the modified first equation and the second 

equation, we get

z 

2 f ′′ 

n (z) = −z 

2( f n 
(z) − 

n + 2 

z
f n+1 
(z))

+ nz(− f n+1 
(z) + 

n 

z
f n 
(z)) − n f n 

(z).

Rearranging this, we get the equation for f ′′ 

n (z),

z 

2 f ′′ 

n (z) = f n 
(z)(−z 

2 + n 

2 − n) + f n+1 
(z)(z(n + 2) − nz), (I8)

f ′′n (z) =
1
z2 [(n

2 − n − z2) fn(z) + 2z fn+1(z)]. (I9)
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